We give relations between a condition introduced by Z. Opial which characterizes weak limits by means of the norm in some Banach spaces and approximations of the identity, in particular for systems of projections. Finally a fixed point theorem for multivalued nonexpansive mappings in a Banach space satisfying this condition is proved; this result generalizes those of J. Markin and F. Browder.
Introduction.
Let X be a Banach space, C a convex weakly compact subset of X and £ a nonexpansive mapping from C into C, i.e.
||£x-£y|| ^||x-j||, x,yinC.
Related to the problem of existence of a fixed point for £ and its approximation, Z. Opial [9] introduced an inequality for weak convergent sequences characterizing its limits; we take this property as Definition 1.1. Let A' be a Banach space. X satisfies Opial's condition if for each x in X and each sequence {x"} weakly convergent to x Hubert spaces and lv spaces (l</?<oo) satisfy Opial's condition, also finite dimensional Banach spaces.
The existence of a fixed point in the problem mentioned in the beginning of this paragraph is known when X satisfies Opial's condition, but from results of [5] this is a corollary of a theorem of W. Kirk [6] , so this condition becomes interesting in the approximation of a fixed point for a "univalued" nonexpansive mapping (see [9] ).
A useful simplification of (1.1) is given in the following Proof. Let yn-^y; if liminf||j" -_y||=0, then (1.1) follows from the unicity of a weak limit. If not take a=lim inf||_y" -y\\, a>0, and xn= ar1(yn-y); then x"^0 and lim inf||x"|| = l, so (1. 2. Approximation of the identity. We consider a directed family of continuous linear operators of finite rank which approach the identity of a Banach space X, i.e. a family {F3; j eJ, Pj linear and continuous}, where/ has an "increasing" order denoted by oo such that P,■:X -*■ X,, dim X¡ <. oo, X¿ subspace of X, (2.1) lim PjX = x, for each x in X.
We shall call such a family an approximation of the identity. For example when a Banach space posseses a Schauder basis, the associated system of projections constitutes an approximation of the identity. Hence from the first inequality in (2.3) and from (2.5) (2.6) lim inf ||xn -x|| fc (1 + r)(l -||ß3x||).
n As we can choosey large enough suchthat (l+r)(l -||öix||)>l, we finally obtain lim inf ||x"-x|| >1. Q.E.D.
All known examples of Banach spaces satisfying Opial's condition are isomorphic to uniformly convex Banach spaces ; due to this the following two corollaries become interesting. Proof.
The usual Schauder basis of I1 with its set of associated projections verify the hypothesis of Theorem 2.1. Q.E.D.
If we restrict a Banach space to be uniformly convex, the family can be asked to fulfill a more simple condition and we obtain the same conclusion. where I is the identity on X. Then X satisfies Opial's condition.
Proof. Let xn-^0 with lim inf ||x"|| =1. From (2.7) we have for x e X and Qj=I-Pj that Un -*ll ^ llßi(*« -*)l -e ^ IKII -(WPiXn\\ + \\QiX\ + «).
where e = e(j) is independent of« and lim3 e(j)=0. Then for Pn(2k=i «*e*)=2*«i akek and I the identity.
Proof. Lv(A) is uniformly convex and does not satisfy Opial's condition (see [9] ), so (2.9) follows from Theorem 2.2. Q.E.D. 3. Nonexpansive multivalued mappings. We apply Opial's condition to obtain a fixed point for a nonexpansive compact-valued mapping. Definition 3.1. Let C be a nonempty convex weakly compact subset of a Banach space X. A mapping £: C->K(X), where K(X) denotes the family of nonempty compact subsets of X, is nonexpansive if where I denotes the identity on X, a(X, X*) the weak topology and ||-]| the norm (or strong) topology.
Proof.
As the domain of U is weakly compact we must prove that the graph is only sequentially closed. Let (xn, yn) e G(U) be such that (3.2) x"-±x, yn^y-
We must see that xeC and y e t/x=x -Fx. That x g C is clear. As yn e xn -Txn we can write (3. 3) yn = xn -vn, vn e Txn.
From (3.1) we can find v'n e Tx such that Tx being compact and yn-*y, for a convenient subsequence still denoted v'n we have v'n->-v e Tx, so from (3.5) (3.6) lim inf \\xn -x|| ^ lim inf ||xH -y -v\\.
As xn-^x, Opial's condition implies that y+v=x, soy=x-v ex -Tx= Ux. Q.E.D.
Let us recall the following known generalization of Picard's theorem:
Proposition 3.1 [7] . // T:C^K(C) is contractive, i.e. D(Tx, Ty)r \\x-y\\ for x, y in C and 0<r< 1, then there exists a fixed point x0 G Fx0.
We are now able to prove our fixed point theorem.
Theorem 3.2. Let X be a Banach space which satisfies Opial's condition. If C is a nonempty convex weakly compact subset of X and T: C^K(C) is a compact-valued nonexpansive mapping, then there exists a fixed point x0 g J x0.
Let x e C be fixed and define for 0<rm< 1 and rm->-l
in an obvious way. Then Tm:C^>-K(C) and Tm is contractive, so from Proposition 3.1 there exists a fixed point xm g Tmxm. C being weakly compact, for a convenient subsequence {xn} of {xm} we have x"-^x0 g C.
From (3.7) we deduce Xn = rrPn + 0 ~ O*'. Vn 6 Txn, X G C,
SO
Un -»J = (1 ~rn) U' -vn\\-Then yn=xn -vn e (I-T)xn and _y"->0. If we put í/=7 -F, we have that (xn,yn) e G(U) and (3.8) x" -^ x0, yn -> 0.
From Theorem 3.1 we obtain 0 g Ux0 = x0 -Fx0,
i.e. x0 g Fx0 is a fixed point for F. Q.E.D. Remark. Recently Theorem 3.1 has been applied in [1] to obtain a generalization of Theorem 3.2 which only requires that F be nonexpansive and sends the boundary of C into compact subsets of C, this result can also be obtained from Theorem 3.1 and results on the topological degree for contractive multivalued mappings due to R. Nussbaum [8] .
If we restrict the Banach space J to be a Hubert space we obtain a theorem due to J. Markin [7] , and if we consider Banach spaces with a weakly continuous duality mapping we obtain a result of F. Browder [2] , because these spaces satisfy Opial's condition [5] .
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